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ABSTRACT

The axisymmetric linearized Euler equations are used to simulate noise amplification and radiation from
a supersonic jet. The effect of heating on the noise field of the jet is studied and compared to experimental
results. Special attention was given to boundary treatment, and the resulting solution is stable and nearly

free from boundary reflections.
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Subscripts

Ax, Ar

mean axial velocity

mean radial velocity

uniform mean radial velocity in the outer region
half-width of the annular mixing layer
perturbation total energy

radius of the uniform core

perturbation pressure

perturbation axial velocity

perturbation radial velocity

time

axial and radial coordinates

complex wavenumber of the inflow disturbance
time step

grid spacing in the axial and radial directions
ratio of specific heats

frequency of the inflow disturbance.

mean density

perturbation density

centerline value

Jet exit centerline value
stagnation value
temporal operator

axial and radial operators

value at infinity



Superscripts
i spatial index
n time level index

perturbation value

INTRODUCTION

The full, compressible Navier-Stokes equations govern the process of sound generation and propagation
to the far field. To solve these equations without resorting to modeling the turbulent quantities, Direct
Numerical Simulation (DNS) may be employed. However, current computer limitations make DNS
calculations impractical, due to the large number of computational points required to resolve the high

Reynolds number turbulent flows found in the shear layer of a supersonic jet.

Therefore, Mankbadi et. al.l-2 explored the use of the large-eddy simulation (LES) approach for the
prediction of sound generation and propagation. In this approach, the full Navier-Stokes equations are
divided into large-scale components, which are calculated directly, and small-scale components, which are
unresolved, and thus modeled. The LES approach does not capture the sound radiation from the
unresolved scales; however, it is believed that the large scales are much more efficient than smaller ones
for radiating sound. Thus, LES is currently the most accurate approach to jet noise predictions that is
computationally feasible. However, the LES approach is still CPU-intensive, especially for three-

dimensional computations of both the near and far field.

In previous work, the authors explored the use of the much less computationally-demanding linearized
Euler equations (LEE) for jet noise predictions.3 The LEE approach neglects both viscosity and nonlinear
effects. The viscous effects can be safely neglected since the large-scale dynamics in free shear flows are

essentially inviscid.4 Nonlinearity, however, seems to be important.>



Much of the physics of the problem are contained in the linearized equations. Several attempts have
succeeded in studying the physics of jet noise based on a simplified form of the linearized Euler
equations.69 Since the linearized Euler equations solve for the near and far field flow simultaneously, the
problem of matching the sound generation in the near field to the propagation of sound to the far field does
not arise. Also, the linearized Euler equations fully account for non-parallel flow effects and for the

simultaneous presence of non-discrete frequencies.

In the current work, the problem of sound generation and propagation from a heated jet is investigated. In
cold supersonic jets, the structure of turbulence resembles a wave-like pattern (e.g., Ref. 1, 10). Thus, it
is believed that the classical Kelvin-Helmholtz instability wave can model the large-scale structure in a
supersonic jet, and the radiated sound is calculated accordingly (e.g., Ref. 7). However, for heated jets at
high Mach numbers the experimental results of Oertel!! have shown that the jet can sustain additional

instability modes in addition to the regular Kelvin-Helmholtz mode.

The effect of these additional modes on the radiated sound has been addressed by Tam et. al.12 (1992) and
Seiner et. al.!3 (1993) using the Rayleigh equation. The Rayleigh equation can be obtained from the
linearized Euler equation by assuming a locally-parallel flow and that the solution takes the form of normal
decomposition. The radiated sound can then be determined via an asymptotic matching approximation of

the instability wave solution to the acoustic field, as in Ref. 7.

In the present work, the full linearized Euler equations are solved, which removes the need for the above
assumptions. It is expected that the linearized Euler equations can capture the effects of all three families

of instability waves if they are present.
GOVERNING EQUATIONS

Starting from the full Navier-Stokes equations in conservative form, neglecting viscosity, and linearizing

about a mean flow (U,V), the axisymmetric linearized Euler equations may be written in cylindrical



coordinates as:
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Velocities are normalized by the jet exit velocity, time by D/Uj, density by the mean exit value at the jet

centerline, and pressure by p;U;%.
MEAN FLOW

To apply the linearized Euler equations, the mean flow field of the jet must be specified. In Seiner, et.
al.14, the jet flow is expressed by means of a half-Gaussian profile described by the parameters b(x), h(x),

and U(x).

There are three regions in the jet exhaust. The first two are the potential core and the transitional region,

where the mean flow profile is described by:
U=U.(x) r<h

2
U = Uy (x)exp -m(z)(’;—(”x()’ﬂ) r>h ©

In the potential core, Uc(x) is equal to Uj, while in the transitional region, the centerline velocity 1s

decreasing.

At the end of the transitional regime, the parameter h(x) becomes zero, and the fully-developed regime is

realized in which:

2
U=U,(x)exp —In(2)(wrx5] : (10)



The parameters h(x) and Uc(x) are related to b(x) through the conservation of axial momentum:

[ pUPrar = —;-ij]ZDZ (11)
0

Using the boundary layer assumption, the pressure across the jet is taken as constant. The density in the

jet is related to the mean velocity using Crocco's relation:
' 1 T T U 1 U :
Pi_ (1+L 12) O 4] 1-2= | — —-}—/—:—sz(——) . (12)

In the potential core, U = 1.0, and Eq. (11) is used to obtain h(x) in terms of a given b(x). For the fully-

developed region, h(x) = 0.0 and Eq. (11) is used to obtain Uc(x) in terms of a given b(x). In the
transitional regime, a cubic spline fit is used to match the values of h(x) and its derivatives; then Eq. (11) is

used to obtain U.(x) in terms of a given b(x).

Once the axial velocity and density are known, the continuity equation for the mean flow can be integrated

to obtain the mean radial velocity distribution.

The above profiles are used to describe the mean flow up to a maximum radius Imax = h + 3b. Forr>

Tmax-

U=0
(13)
V= Ve
r
The computational grid for this problem extends axially from x/D = 2.5 to x/D = 35, using 196 equally
spaced points (approximately 25 points per wavelength). The computational grid starts 2.5 diameters

downstream of the jet exit due to the numerical problems associated with the steep mean-flow gradients

near the nozzle.



In the radial direction, the grid begins just above the centerline (r/D = 0.01) and extends to 1/D = 16, with a
total of 381 points. The grid is uniform from the centerline to 1/D = 1, with a spacing of Ar/D = 0.01. At
this point, the grid is stretched geometrically by a factor of 1.01 until the radial spacing is equal to the axial

spacing. After this point, the grid is uniform again to the outer radial boundary.
NUMERICAL FORMULATION

The code is a modified split MacCormack-type solver, which is second order accurate in time and fourth
order accurate in space. This extension of the MacCormack scheme is known as the 2-4 scheme, and was
developed by Gottlieb and Turkel.1> This scheme has been used successfully on a wide range of unsteady
fluid and aeroacoustics problems (e.g. Refs. 2, 3, 8, 16-22). Sankar et. al.23 have evaluated this scheme
for aeroacoustics applications. This code has previously been validated on an unheated jet problem by

Mankbadi et. al.3. The solution procedure is as follows:
In the present code, the operator is split into separate radial and axial contributions:
Q"2 = L L,L,L,Q" (14)

Each operator consists of a predictor and a corrector step. Each step uses one-sided spatial differencing:

Predictor:
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The radial contribution is computed in a similar way. The order of the sweep directions are reversed
between operators to avoid biasing. At the computational boundaries, flux quantities from outside the
boundaries are needed to compute the spatial derivatives, and these can be obtained by using third-order

accurate extrapolation based on information from the interior of the domain.

The boundary treatment used is similar to previous work.> On the inflow boundary in the hydrodynamic
disturbance regime (x/D < 2), a characteristic-based boundary condition is specified in the jet flow.24.25
In the still air of the outer radial boundaries, an acoustic radiation treatment is specified. On the jet outflow
boundary, the asymptotic outflow condition of Tam and Webb26 is used. At the centerline, an averaging
procedure is used.2” A more complete description of the implementation and the boundary conditions
used may be found in Refs. 2 and 28. With these boundary conditions, the solution is stable and free of

reflection from the boundaries.

At the inflow boundary of the computational domain, a small disturbance is introduced. This disturbance

is assumed to be mainly hydrodynamic in nature, and is specified from the centerline to 1/D = 2.5.

To a first approximation, the inflow disturbance is assumed to be small such that the linear stability theory

applies. A normal mode decomposition for the disturbance is assumed to be of the form:
[uv',p'p']=
Re[d(r),¥(r), p(r).p(r))exp{i(ax - wt)}

(a7

The governing equations reduce to the Orr-Sommerfeld equation, which is solved to obtain the complex
wave number « as the eigenvalue corresponding to the frequency ® and the radial functions (~) as the
corresponding eigenfunctions. The mean flow discussed above is used in solving the Orr-Sommerfeld
equation. This solution extends to /D = 2.5. A curve is fitted to smoothly reduce the disturbance to zero

by r/D = 3.



The effect of the inflow disturbance is added to the computed flow variables at the inflow boundary at each

time step:

(é' )boundary - (ér )computed * (ét )disturbance (18)

RESULTS

Results are presented for the axisymmetric flow and acoustic field of unheated and heated supersonic (M;j
= 2.0) jets, with a farfield temperature of 279.5° K. Three cases were computed: (1) a T, = 313° K jet
excited at a Strouhal number of 0.19, (2) a T, = 755° K jet excited at a Strouhal number of 0.22, and (3) a
T, = 1114° K jet excited at a Strouhal number of 0.2. These cases were tested experimentally by Seiner,

et. al.14

The axisymmetric code was run on the NAS Cray C90, and required 4.5 mW of memory and 30 minutes

of CPU time for each run.

Figures 1, 2, and 3 show the instantaneous distribution of pressure at a time level during the computation.
In all three figures, the dominant angle of radiation is clearly illustrated. As the core temperature of the jet
is increased, the angle of emission becomes steeper. Also, as the temperature rises, the supersonic family
of waves appear, and sound is radiated at two dominant angles. Figures 2 and 3 show an interference

pattern due to the appearance of this second family of instability.

Figures 4, 5, and 6 show the root-mean-square pressure levels. Again, it is seen that the noise emission
angle steepens with increasing core temperature. Also, the interference pattern due to the appearance of the

supersonic instability is seen in Figs. 5 and 6.

Figures 7, 8, and 9 compare the directivity of the sound field to the experimental results of Seiner, et. al.14
It should be noted that the distance of the computed results from the nozzle i1s much smaller than that of the
experiment. The experimental data was gathered between 40 < R/D <72.3, while the computed data was

gathered between 16 < R/D < 36.25 (due to the limits of the computational domain). This will cause the
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computed radiation angles to be approximately 3° lower than the experimental values. Since the amplitude
of the disturbance at the jet exit plane is not known, the peak of the sound pressure levels are scaled to
match that of the experimental data in each case. In these figures, a peak is shown at the 100 degree angle;
the first three figures show that this peak is an artifact of the input disturbance, which travels up the inflow

boundary.

In these figures, it is shown that the computation captures the angle of maximum noise radiation well, even
though only the axisymmetric (n=0) mode is being computed. The steepening of the angle of maximum

noise radiation with increasing temperature is also correctly predicted.
CONCLUSIONS

A linearized Euler equation approach is used to study the effect of increasing core temperature on the
sound propagation in a supersonic jet. The axisymmetric (n=0) mode is computed, and the results are
compared with experiment. Good qualitative results are obtained for the angle of maximum noise radiation

and for the shift in the angle of maximum noise radiation as the jet temperature is increased.
ACKNOWLEDGEMENTS

This work was performed under grant NCC3-483 from the NASA Lewis Research Center. Dr. L. A.

Povinelli was the Technical Monitor.
REFERENCES

1. Mankbadi, R. R, Hayder, M. E., and Povinelli, L. A., 'Structure of Supersonic Jet Flow and Its
Radiated Sound', AJAA Journal, Vol. 32, No. 5, 1994, pp. 897-906.

(S

Mankbadi, R. R., Shih, S.-H., Hixon, R., and Povinelli, L. A., 'Direct Computation of Acoustic
and Flow Field of a Supersonic Jet Using Large-Eddy Simulation’, AIAA Paper 95-0680, Reno,
NV, 1995.

11



10.

11.

13.

Mankbadi, R. R., Hixon, R., Shih, S.-H., and Povinelli, L. A., 'On the Use of Linearized Euler
Equations in the Prediction of Jet Noise', AIAA Paper 95-0505, Reno, NV, 1995.

Mankbadi, R. R., 'Dynamics and Control of Coherent Structure in Turbulent Jets', Appl. Mech.

Reviews, 45, 1992, p. 219-248.

Laufer, J. and Yen, T. C., 'Noise Generation by a Low Mach Number Jet', J. Fluid Mech., Vol.

62, 1983, p. 437-464.

Liu, J. T. C, 'Developing Large-Scale Wavelike Eddies and the Near Jet Noise Field', J. Fluid
Mech., Vol. 62, 1974, p. 437-464.

Tam, C. K. W. and Burton, D. E., 'Sound Generated by Instability Waves of Supersonic Flows,
Part 2: Axisymmetric Jets', J. Fluid Mechanics, Vol. 138, 1984, pp. 249-295.

Crighton, D. G. and Huerre, P., 'Shear-layer Pressure Fluctuations and Superdirective Acoustic

Sources', J. Fluid Mech., Vol. 220, 1990, p. 355-368.

Tam, C. K. W., 'Supersonic Jet Noise', Annu. Rev. Fluid Mech., 27, 1995, p. 17-43.

Lepicovsky, J., Ahuja, K. K., and Burrin, R. H., 'Coherent Large-Scale Structures in High

Reynolds Number Supersonic Jets,’ NASA CR-3952, 1985.

Qertel, H., 'Coherent Structures Producing Mach Waves Inside and Outside of the Supersonic Jet,

Structure of Complex Turbulent Shear Flow, IUTAM Symposium, Marseilles, 1982.

Tam, C. K. W., Chen, P., and Seiner, J. M., 'Relationship Between Instability Waves and Noise
of High-Speed Jets,” AIAA Journal, Vol. 30, 1992, pp. 1747-1752.

Seiner, J. M., Bhat, T. R., and Ponton, M. K., Mach Wave Emission from a High Temperature

Supersonic Jet, AIAA Paper 93-0734, Reno, NV, 1993.

12



14.

15.

16.

17.

18.

19.

20.

(89
~

Seiner, J. M., Ponton, M. K., Jansen, B. J., and Lagen, N. T., 'The Effects of Temperature on
Supersonic Jet Noise Emission”, Proceedings of the 14th Aeroacoustic Conference, DGLR/AIAA

Paper 92-02-046, 1992.

Gottlieb, D., and Turkel, E., 'Dissipative Two-Four Method for Time Dependent Problems’,

Mathematics of Computation, Vol. 30, No. 136, 1976, pp. 703-723.

Bayliss, A. and Maestrello, L., 'Simulation of Instabilities and Sound Radiation in a Jet', AIAA

Journal, Vol. 19, 1981, p. 835-841.

Bayliss, A., and Maestrello, L., 'On the Interaction of a Sound Pulse with the Shear Layer of an

Axisymmetric Jet II: Heated Jets', Journal of Sound and Vibration, Vol. 86, 1982, p. 395-409.

Maestrello, L., Bayliss, A., and Turkel, E,, 'On the Interaction of a Sound Pulse with the Shear

Layer of an Axisymmetric Jet’, Journal of Sound and Vibration', Vol. 74, 1981, p. 281-301.

Maestrello, L., and Bayliss, A., 'Flowfield and Far Field Acoustic Amplification Properties of

Heated and Unheated Jets’, AIAA Journal, Vol. 20, 1982, p. 1539-1546.

Bayliss, A., Maestrello, L., and Turkel, E., 'On the Interaction of a Sound Pulse with the Shear
Layer of an Axisymmetric Jet III: Non-Linear Effects’, Journal of Sound and Vibration, Vol.

107, 1986, p. 167-175.

Farouk, B., Oran, E. S., and Kailasanath, K., 'Numerical Simulations of the Structure of

Supersonic Shear Layers', Physics of Fluids A, Vol. 3, No. 11, 1991, pp. 2786-2798.

Ragab, S. A., and Sheen, S., "The Nonlinear Development of Supersonic Instability Waves 1n a

Mixing Layer', Physics of Fluids A, Vol. 4, No. 3, 1991, pp. 553-566.

13



24.

26.

28.

Sankar, L. N., Reddy, N. N., and Hariharan, N., 'A Comparative Study of Numerical Schemes
for Aero-Acoustic Applications', FED- Vol. 147, Computational Aero- and Hydro-Acoustics,

ASME, Fairfield, NJ, 1993, p. 35-40.

Thompson, K.W, 'Time-Dependent Boundary Conditions for Hyperbolic Systems', /.
Computational Physics, Vol. 68, 1987, p. 1-24.

Thompson, K.W, 'Time-Dependent Boundary Conditions for Hyperbolic Systems, II', J.
Computational Physics, Vol. 89, 1990, p. 439-461.

Tam, C. K. W. and Webb, J. C., Dispersion-Relation-Preserving Finite Difference Schemes for

Computational Acoustics', J. Computational Physics, Vol. 107, 1993, pp. 262-281.

Shih, S.-H., Hixon, R., and Mankbadi, R. R., "Three-Dimensional Structure in a Supersonic Jet:

Behavior Near Centerline’, AIAA Paper 95-0681, Reno, NV, 1995.

Hixon, R., Shih, S.-H., and Mankbadi, R. R., ‘'Evaluation of Boundary Conditions for

Computational Aeroacoustics', AIAA Paper 95-0160, Reno, NV, 1995,

14



Figure 2.~Instantaneous pressure distribution (T = 755 °K; St = 0.22).
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0.20).

Figure 3.—~Instantaneous pressure distribution (T, = 1114 °K; St

0.19).

Figure 4.—Sound pressure level distribution (T, = 313 °K; St
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Figure 6.—Sound pressure level distribution (T, = 1114 °K; St = 0.20).
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Figure 7.—Sound pressure level comparison (T, = 313 °K; St = 0.19).

120 1 ! ! !
110

100

90

experiment
80

computation

80 100 120 140 160 180
angle (degrees)

Figure 8.—Sound pressure level comparison (T, = 755 °K; St = 0.22).
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